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Introduction

Imagine a classroom where all of the students are confident they can learn mathematics. Further, imagine a school of classrooms where the teachers are confident they can teach mathematics to all of their students. We believe that this should be a reality rather than a figment of our imagination. In order to make our dream come true we began a process of collaboration that will make algebra accessible to a wider range of students than ever before.

No Child Left Behind brought to the attention of educators the need to increase efforts to prepare teachers for diverse learners, particularly in the areas of math and literacy. Since algebra is a requirement for all students in United States schools and presents a challenge to many teachers, we decided to focus on algebra for all students. We began with the belief that with a focus on habits of mind (building rules to represent functions, doing-undoing, abstracting from computation) (Driscoll, 1999), quality problems, and the proper tools, all children are capable of algebraic thinking. 

Faculty in mathematics education and special education at National-Louis University began informal meetings where they discussed their concerns about the limitations on their ability to address the needs of the diverse learners (both struggling and advanced) in their classrooms. These needs involved poor knowledge of math content for future special education teachers and poor knowledge of adaptations of learning strategies for the future math teachers. Such problems translate into future teachers who are not able to satisfactorily address the needs of all of their students. In response to these needs and a natural desire to provide quality math instruction, our collaboration centered on the process standards of the National Council of Teachers of Mathematics (NCTM) that became the basis for math expectations in most states: problem solving, mathematical reasoning, connections, communication, and representations. We had to expand teacher training in those areas in a way that expanded their meanings to include the full range of students our future teachers would face.  

Collaboration

A recognition and respect for the varied expertise of our colleagues led to productive brainstorming sessions where expanded possibilities for teacher training emerged. A common vision for successful learning in mathematics enriched our work sessions.  As we talked certain problems we had encountered seemed to guide our planning:

· Math education had to do a better job of training future teachers to work with diverse students.
· Faculty in special education knew that the teachers they trained needed opportunities to gain a deeper understanding of the content of mathematics
· Materials, especially textbooks failed to present meaningful problems that could be solved by all levels of students.
· Children who were gifted in mathematics needed to be challenged. 
· Faculty in early childhood education knew that the teachers they trained needed opportunities to gain a deeper understanding of the content of mathematics.
· Anxiety about mathematics was a reality that needed to be dealt with.
These problems led us to develop some important principles:

All children deserve to have opportunities to learn mathematics. This implies that:

· All children deserve to have teachers who know the content and pedagogy of the mathematics they will be teaching.
· All children deserve to be appropriately challenged.
· All children deserve to have multiple methods for learning concepts available in order to accommodate as many learners as possible.
· All children deserve to have multiple methods of assessing their learning employed so all children will have the opportunity to demonstrate their knowledge.
· All children deserve to learn mathematics in an atmosphere that is encouraging and nurturing.
First Steps.  The first thing we tried to do was find, write, or adapt materials that fit our principles and fulfill the National Council of Mathematics Standards:

Problem solving: We mainly used two theories: those of George Polya who developed the four steps of problem solving:

· Understanding the problem

· Devising a plan

· Following the steps of the plan to solve the problem

· Looking back to see if the solution makes sense

and Richard Lesh (1985) who defines problems as situations that require multi-step solutions and procedures, states “it is important to plan what you are doing before you do it: monitor what you are doing while you are doing it; and evaluate the sensibility of your results.” Lesh says we need to insert more complexity rather than more basics, while doing more monitoring of progress. Lesh’s approach is more metacognitive, in that it asks the students to continuously evaluate the state of their knowledge and progress.

Mathematical Reasoning: We looked for materials that required logic, reasoning, or discovery rather than emphasis on memorizing (as contrasted to using) formulas and algorithms.

Connections: We looked for materials that connected to other disciplines, real life experiences, or between mathematical topics. Students, in order to engage, need to see the usefulness, pervasiveness in life experiences, as well as the interesting and fascinating aspects.

Communication: Both students and teachers need the language and modeling ability to express their understandings of mathematical concepts or  lack of them in order to articulate intelligent questions and pose problems. This communication should involve language, symbols, and models, using verbal,  visual, and written modes. (Insert model showing the connectedness)

Representations: As students develop their understandings they will eventually be able to generalize and find ways of representing their concepts either concretely (manipulatives), pictorially (including graphs and charts) and symbolically (algebra).

Sample Problem :


What happens to geometric figures when you when the dimensions are multiplied by various factors (both whole numbers and fractions) in terms of the perimeter, area, and volume? For example, consider a square with dimension 1 unit x 1 unit.  If the factor is 2, students should discover  that the perimeter doubles, the area quadruples, and the volume is eight times as large.
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1 unit on each side and 1 unit of area

	
	

	
	


2 units on each edge  and 4 units of area measure.
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1 unit on each edge = 1 cube
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2 units on each edge

      8 cubes

Students will experiment with other measures and shapes.

Here is the start of experimenting with triangles:
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1 unit on a side  1 unit of area
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2 units on a side 4 units of area
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Stage 1

What happens if you double the dimensions of the figure above? 

Do students recognize how to make a figure that is self-similar?

For example do they double in this manner?
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Or this:


 All students should learn to see the self similarity of the shapes as they 

Change in dimension. Thus concluding with this shape next:

This figure could easily be done with cubes to demonstrate volume:

Original shape has 4cubes each with one unit on each edge



  Students at the highest level will understand that changing the dimensions of a figure by a factor n will result in a perimeter that is n times as long, an area that is n2 as large and a volume that is n3. in capacity.
Adapting for diverse learners:

Use multiple ways of modeling relationships:

· Model perimeter and area with pattern blocks using different shapes such as triangles, squares, rhombi, trapezoids, hexagons, and simple fractals (Virtual manipulatives can be used).

· Model volume changes using cubes.

· Model by drawing

· Model on a spreadsheet using paper and pencil, calculator, or computer.

· Model using symbolic representations such as expressions or equations.

Vary the sequences of experiences:

· Focus only on perimeter using various shapes as appropriate.

· Focus on learning about perimeter, area and volume using only the square (cube).

· Focus on perimeter and area using other shapes

· Focus on whole number factors

· Focus on developing understanding of fractional factors

· Focus on analyzing the patterns and finding generalizations

Use multiple ways of assessing knowledge in addition to quizzes or tests:

· Student interviews

· Observation of the student solving problems

· Student explanations of their solution processes including wrong turns and “aha” experiences in writing and verbally.

· Daily journaling of learning ( in writing, drawing models, or using a recorder).

· Long term projects that involve the applications of the concepts.

· Portfolio of problems (can be electronic, paper/ pencil or models).

Through our collaboration efforts we determined that pre-service teachers need to have a process for planning for diverse learners.  Based on the concepts of universal design and differentiated instruction, we created a planning process to assist teachers in teaching learners of differing abilities and needs.  

Implications for teacher training:

· Implies a change in teacher roles:

a. Collaboration

b. Integration of technology 

c. Facilitator rather than imparter

d. Use more options instead of one “best way”

e. Teacher as learner from students and parents

f. Content is not sufficient—and formal pedagogy not sufficient

g. Multiple sources for assessing knowledge

h. Need to infuse a positive attitude toward math

i. Focus on listening and brainstorming

· Institutions of Higher Education have to pay more attention to the nuances in teaching content to the diverse learners. That means involving experts in the various areas so the appropriate adaptations can be made. We need the expertise to identify potential barriers and then devise ways to overcome them using our tools.

· Programs have to change so we can advocate for all students:

a. We need to be less generic by having respect for the complexity of the content and all of the barriers to learning that go with it. 

b. We need to learn more methods that deal with the complexity of the content and the students who need to learn it. Thus we need methods courses with sufficient time to deal with how to teach math to diverse learners as well as certain concepts

c. We need to think about how to teach the concept by understanding and defining the big and important ideas. Then we can think about ways to enable all types of learners to succeed.

d. We need to think about how technology has impacted on how we can reach different students. 

e. We need to recognize the role of language and cultural differences in how our students learn mathematics. With sufficient class time we can explore ways to adapt our teaching to these realities. 

f. We need a course on the psychology of math learning. We need to learn how  students develop in their ability to do math. This means our develolpmental psychology class has to slant toward math.

g. Curriculum courses need to focus on math and how to integrate mathematics meaningfully into other subject areas.

h. There needs to be sufficient content in the major strands: number and numeration, geometry, measurement, probability and stats, and algebra so teachers can see the strands from the beginning. 

i. Tools such as manipulatives, calculators, computers---any supplies that enhance learning are needed..

j. Teachers need on going professional development because the world is a dynamic place with new ideas and information on the horizon.
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